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The functions entering into the equation of state of Mie -Grune i s en  solids a re  constructed 
approximately.  In [1] an approximate equation of state was proposed for solids whose adia- 
batic curves  obey a l inear  relationship between the velocity of the shock wave D and the 
mass  velocity U; the slope of the shock adiabatic curve was equal to 1.5. In the present  
work, the dimensionless  variables  proposed in [2] are  used to construct  an equation of state 
which is f ree  f rom the above-mentioned limitation. The equation of state found is used to 
make calculations of the shock compress ion  of porous metals ,  in par t icular ,  of copper, with 
values of the porosi ty  not differing significantly f rom unity. 

1. A p p r o x i m a t e  E q u a t i o n  o f  S t a t e  o f  S o l i d s  

In [1] an analytical expression is given for the general ized Hugoniot shock adiabatic curve for mate-  
r ials  with a l inear  dependence between the velocity of the shock wave and the mass  velocity of the sub- 
stance, of the form 

D = a + b U ,  (1.1) 

where a and b a re  experimental ly measured  constant quantities.  This l inear  connection, as is shown in 
[2], cor responds  to dimensionless variables ,  making it possible to write the shock adiabatic curve in com-  
pact form:  

P a = X ( i - - z )  -~ .  (1.2) 

Here PH (the dimensionless  p r e s s u r e  at the Hugoniot adiabatic curve) and x are  determined by the 
equalities 

PH----PH/P~, Pc=poa~/b, x----z/zr., 

where z = 1 - p o / p  is the relat ive compress ib i l i ty  of the substance; P0 and p are  the initial and final densities 
of the solid; z L = 1/b is the limiting value of the relat ive compress ib i l i ty  [3]. Thus, the variable x denotes 
the relative fraction of the compress ibi l i ty  out of the maximally possible; Pc is the so-cal led charac ter i s t ic  
p res su re ,  which can be interpreted ei ther  as the res is tance  of the mater ia l  to shock compress ion  or  as the 
impact v iscosi ty  [2]. 

The connection, descr ibed by the relationship (1.2), between the shock compress ibi l i ty  of the mate-  
rial and the p r e s s u r e  for  various mater ia ls  is represented by exactly the same point in the (PH, x) plane. 

F rom Eq. (1.1) and the laws of conservat ion at the front of the shock wave an express ion is obtained 
for  the dimensionless specific internal energy at the Hugoniot adiabatic curve in the form 

e a = t / 2 x p ~ ,  (1.3) 

where the notation eH = EH/(a2/b2). In formulas  (1.2), (1.3), we neglect the initial p r e s s u r e  and the initial 
internal energy of the substance ahead of the shock wave. 

If the relationship (1.1) is observed up to very  large p re s su re s ,  it then follows from (1.2), (1.3) that 
the compress ion  of the substance tends, as is required, toward the limiting value x .  = 1. 

Moscow. Translated f rom Zhurnal Prildadnoi Mekhaniki i Tekhnicheskoi Fiztki, No. 6, pp. 93-97, 
November-December ,  1975. Original ar t ic le  submitted November 5, 1974. 

�9 76 Plenum Publishing Corporation, 22 7 West 17th Street, New York, N. Y. 10011. No part o f  this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, microfilming, 
recording or otherwise, without written permission o f  the publisher. A copy o f  this article is available from the publisher for $15.00. 

914 



In solids, the specific internal energy and the p r e s s u r e  are  usually separated into a thermal  par t  
and a cold par t  (eco, Pco), connected with the deformation of the crysta l l ine  lat t ice.  The connection be-  
tween the thermal  p r e s s u r e  and the energy is established by an equation, known as the Mie -Grune i s en  
equation [4] : 

P-- Pco 
S--~co b ~" (1.4) 

Here Peo and eco are  represen ted  in dimensionless  form as PH and eH; Y is the Gruneisen coefficient, 
depending only on the specific volume [5]. F rom the definition of the variables  z and x it follows that the 
denominator  in the r ight-hand par t  of (1.4) does not rever t  to zero  (with the exception of the case  of the 
limiting compress ion  of sapphire,  for which b = 1; in the remaining solids investigated, b is s t r ic t ly  g r e a t e r  
than unity [2]). Since Pco and eco are  taken at the i so therm of absolute zero,  the following connection will 
exist between them: 

dso~- P~odz= 0. (1.5) 

Using Eq. (1.4), which must be satisfied at the Hugoniot adiabatic curve,  and relationship (1.5) we 
obtain the l inear  differential equation 

deco ~ -- ~ 8 (1.6) 
dx b~-xeco "= PH -b'-------x I-I. 

The solution of this equation with the initial condition ex(0) = 0 has the form 

%o(X) = e P~ - V ' - -~  ~z  ~ dx .  

The integrals  entering into this formula  can be calculated with definite assumptions with respec t  to 
the form of the function Y (x). The analytical form of ~co(X), with constant Y and the following part ial  values 
of the pa r ame te r s  b = l . 5  and ~/=1 or  y =2, is given in [1]. 

If relat ionships (1.1), (1.4) are  valid up to very  large p res su res ,  we can find the limiting value T , .  
With compress ion  of a substance by very strong shock waves, s tar t ing from some p r e s s u r e  the thermal  
par ts  of the p r e s s u r e  and the energy considerably exceed Pro and eco- We there fore  have 

7, = (b --  x) p~ -- Pco~ (b --  x.,) PH = 2 (b --  x.) / x, .  (1.7) 
8 H - -  E ' C 0  " 8i_/ 

Since it has been previously found that x .  = 1, then f rom (1.9) we obtain 

7,  =2(b--t).  (1.8) 

This express ion coincides with the analogous formula  f rom [1]. We note that, with compress ion  of a 
substance by shock waves, the functions of Peo and gco must be known as exactly as possible  only up to 
modera te  compress ions ,  since with la rge  compress ions  thei r  contribution to Eq. (1.4) is negligibly small ,  

Equation (1.6) can be solved approximately by expansion of the functions entering into it in ser ies  in 
t e rms  of the small pa r ame te r  x. As a result  of integration we have 

~co = -V 

From this and from (1.5) we find 

Pco= X "b 2x' "+ (3 - -  ~b ) x3 -k " '" (1.10) 

For  purposes  of comparison,  we c a r r y  out expansions of eH and PH: 

s~=i]2(x~+ 2xS+3x~+...), pH=X+2X2+3X~+.. .  

The coefficients in the ser ies  obtained have a s impler  form than in the corresponding formulas  of [1]. 

As can be seen f rom (1.9), (1.10), the constant Y0 (the f i rs t  t e r m  in the expansion of Y with respect  
to x) enters  only into the coefficients with x 4 and x 3, respect ively,  in the expressions for  eco and Pro, i.e., 
7 s tar ts  to play a significant role only for values of x which a re  sufficiently close to unity. In view of this, 
the value of 7 in the expression for the elast ic energy (1.9) is considerable  for moderate  compress ions ,  
while, with la rge  compress ions ,  the elast ic component i tself is insignificant. Therefore ,  in expansion (1.9) 
we can limit ourse lves  to the f i rs t  t e rm and write 
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r = l / 2 x  2. (1.11) 
co 

As  a b a s i s  fo r  a p p r o x i m a t e  c o n s t r u c t i o n s  of the  equa t ion  of s t a t e  of s u b s t a n c e s ,  we t a k e  th i s  e x p r e s -  
s ion  and an e x p a n s i o n  of Pco  up to  t he  s e c o n d  o r d e r  of x, i . e . ,  

P c ~  z + 2z~" (1.12) 

In th i s  a p p r o x i m a t i o n ,  f r o m  (1.6) fo r  7 we ob ta in  the  e x p r e s s i o n  

7=2(b--x)(3--2x) / (2--x) ,  (1.13) 

which,  wi th  s m a l l  and m o d e r a t e  c o m p r e s s i o n s ,  is  a l m o s t  cons t an t ,  and with  l a r g e  c o m p r e s s i o n s ,  t ends  t o -  
w a r d  the  l i m i t i n g  va lue  3/, (1.8). Thus ,  we have c o m p l e t e d  the  c o n s t r u c t i o n  of a l l  t he  func t ions  e n t e r i n g  
into t he  M i e - - G r u n e i s e n  equa t ion  of s t a t e  of s o l i d s  (1.4). 

The e x p r e s s i o n s  f o r  eco,  Pco,  and y f r o m  (1.11)-(1.13) d i f f e r  f r o m  the  c o r r e s p o n d i n g  f o r m u l a s  of [1]. 
F o r  e x a m p l e ,  in the  n o t a t i o n  of [1], e x p r e s s i o n  (1.11) can  be  r e p r e s e n t e d  in the  f o r m  eco  = 1/2b262/(1 +6), 
wh i l e ,  a t  the  s a m e  t i m e ,  in  [1] t h e  fo l lowing  e x p r e s s i o n  i s  ob t a ined :  eco  = 1 . 2 b 2 6 2 ( 6 = z / ( 1 - z ) ) .  C o m p a r i s o n  
of t h e s e  r e l a t i o n s h i p s  shows  tha t ,  wi th  a s u f f i c i e n t l y  s m a l l  va lue  of 6, both  f o r m u l a s  should  g ive  c l o s e  r e -  
s u l t s .  Wi th  o t h e r  v a l u e s  of 6, the  d i f f e r e n c e  m a y  be  found to be  c o n s i d e r a b l e .  

2 .  S h o c k  A d i a b a t i c  C u r v e  o f  a P o r o u s  S u b s t a n c e  

Le t  us u s e  the  a p p r o x i m a t e  M i e - G r u n e i s e n  equa t ion  of s t a t e  ob ta ined  to  c a l c u l a t e  the  shock  a d i a b a t i c  
c u r v e  of a p o r o u s  s u b s t a n c e .  An a n a l y t i c a l  e x p r e s s i o n  of th i s  a d i a b a t i c  c u r v e  is  g iven  in [4] u n d e r  the  
a s s u m p t i o n s  tha t  the  e l e c t r o n i c  p r e s s u r e  and e n e r g y  a r e  s m a l l ,  the  G r u n e i s e n  coe f f i c i en t  i s  cons tan t ,  and 

the  i n i t i a l  e n e r g y  can  be  n e g l e c t e d .  

When the  c o m p r e s s i o n  of a p o r o u s  s u b s t a n c e  t a k e s  p l a c e  wi th  a r a t h e r  l a r g e  p r e s s u r e  (for p o r o u s  
c o p p e r  above  26 k b a r  [6]), the  d e t a i l s  of t he  c o l l a p s e  of the  p o r e s  b e c o m e  i n s i g n i f i c a n t  for  p r e d i c t i n g  the  
f ina l  s t a t e  of t he  p o r o u s  s u b s t a n c e .  If, f u r t h e r ,  we  n e g l e c t  the  c o n t r i b u t i o n  of the  p o r e s  to  the  t o t a l  p r e s -  
s u r e  and the  i n t e r n a l  e n e r g y  of the  s y s t e m ,  and use  the  M i e - - G r u n e i s e n  equa t ion  of s t a t e  (1.4), then  the  
shock  a d i a b a t i c  c u r v e  of a p o r o u s  s u b s t a n c e  can  be  w r i t t e n  in the  f o r m  [6] 

(h - -  ~.) PcdX) - -  2 [~,cgX) - -  s T (xo, To) ] / (b  - -  z)  
PH ----- - -  b ' (2.1) 

h - -  m ( b  - - x )  

where h= 1 +2/T(x);  T is the absolute temperature; m=V0/V00 is the initial porosity of the substance; V 0 
and V00 a r e  the  i n i t i a l  v o l u m e s  of m o n o l i t h i c  and p o r o u s  s a m p l e s ,  r e s p e c t i v e l y .  The s u b s c r i p t  z e r o  deno tes  
the  i n i t i a l  s t a t e .  As  i s  we l l  known [4], t h e r e  e x i s t s  a l i m i t i n g  vo lume  Vl t=V00/h ,  up to which  a p o r o u s  s u b -  
s t a n c e  can  b e  c o m p r e s s e d .  If Vp is  l e s s  than  V 0, which  is  t r u e  wi th  a s m a l l  p o r o s i t y ,  when V00/V0 < h, then  
the  shock  a d i a b a t i c  c u r v e s  have  a n o r m a l  c o u r s e ;  they  l i e  h i g h e r  the  g r e a t e r  the  i n i t i a l  s p e c i f i c  vo lume  
V00. F o r  c o p p e r ,  wi th  t he  p a r a m e t e r s  g i v e n  in  T a b l e  1, (1.13) i s  u sed  to  ob ta in  the  e v a l u a t i o n  hmin  ~ 1.445. 
C a l c u l a t i o n s  wi l l  be  m a d e  be low of the  shock  a d i a b a t i c  c u r v e s  of p o r o u s  s a m p l e s  of c o p p e r  wi th  V00/V0< 
1.21, i . e . ,  f o r  which  the  i n e q u a l i t y  V00/V0 < h i s  c l e a r l y  s a t i s f i e d .  

TABLE i 

Sub- I P0,/ a,-- b u, km/~ec km/.sec stancejg/r 
! 

Cu 18,93 3,94 t,489 0~U<~2,5 
1 

LR6r a 
ature 

[6] 

TABLE 2 

m=l , l -  . ' 0 ,8~  m~0,82 

u. D, u, I D, u, D. 
km/sec km/sec x krn/sec t kin/see x km/sec kin/see 

0,213 
0,463 
0,761 
I,t22 
1,569 
2,136 
2,880 

4,257 
4,629 
5.073 
5;611 
6,276 
7,121 
8.228 

0,07 
0,15 
0,22 
0,30 
0,37 
0,45 
0,52 

0.321 
o;513 
0,708 
0,9~,7 
1,150 
t,415 
t,723 
2,086 
o 599 

1,945 
2,702 
3,291 
3 899 
4',3~i" 
4;881 
5.469 
61137 
6,929 
7,912 

0,04 
0,07 
0,1t 
0,t5 
0,19 
0,22 
0,26 
0,30 
0.34 
o137 

0,44i 
O,701 
0,967 
1,263 
i , 6 0 8  
2,027 
2,563 

1,875 
2,695 
3,392 
4,073 
4,799 
5,6ot 
6,658 

0,04 
0,07 
0,ti 
035 
0,19 
0,22 
0,26 
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Fig. 1 

Let  us cons ider  porous  s amples  with a smal l  initial  poros i ty ,  neglect ing the initial  t he rma l  energy  
eT in (2.1). Substituting into (2.1) the expres s ions  for  Pco, eco, and ~/ f rom (1.12), (1.13), we r e p r e s e n t  
PH as a function of x. Using (2.1), we find, for  example,  shock adiabatic curves  for  porous  copper,  with 
different  values of the initial poros i ty  m [6]. The p a r a m e t e r s  of copper  given in Table  1 were  used in ca l -  
culation of these  adiabat ic  cu rves .  

The r e su l t s  of calculat ions of the Hugoniot shock adiabat ic  curves ,  toge ther  with the cor responding  
values of the p a r a m e t e r  x, a r e  given in Table  2 in t e r m s  of the var iab les  D and U, the t rans i t ion  to which 
is effected using the laws of conserva t ion  at the front  of the shock wave: PH = DU/V0' z = U/D. F igure  1 
i l lu s t r a t e s  the dependence of D on U with different  values of the initial poros i ty .  Curves  1-3 cor respond  
to the values m = 1, 0.88, 0.82. Fo r  pu rposes  of compar i son ,  the same  f igure  gives exper imenta l  data taken 
f r o m  [5]. As can be seen  f rom the f igure,  the ag reemen t  between the theore t ica l  and exper imenta l  num- 
b e r s  is comple te ly  sa t i s f ac to ry .  

Calculat ions of shock adiabatic  curves ,  c a r r i e d  out with l a rge  values of the poros i ty ,  led to resu l t s  
differ ing f rom the exper imenta l .  Taking account of the t h e r m a l  energy eT in fo rmula  (2.1), as is shown 
in [6], e l iminates  this d ivergence .  

The author  wishes  to express  his indebtedness to the r e m a r k s  of V. N. Nikolaevskii ,  who drew the 
au thor ' s  attention to [1]. 
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